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Abstract
A k–bisection of a bridgeless cubic graph G is a 2–colouring of its vertex set such
that the colour classes have the same cardinality and all connected components in
the two subgraphs induced by the colour classes have order at most k. Ban and
Linial conjectured that every bridgeless cubic graph admits a 2–bisection except for
the Petersen graph.
In this note, we prove Ban–Linial’s conjecture for claw–free cubic graphs.
Keywords: colouring; bisection; claw–free graph; cubic graph.
1 Introduction
All graphs considered in this paper are finite and simple (without loops or multiple edges).
Most of our terminology is standard; for further definitions and notation not explicitly
stated in the paper, please refer to [4].
A bisection of a cubic graph G = (V,E) is a partition of its vertex set V into two
disjoint subsets (B,W) of the same cardinality. We will often identify a bisection of G
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with the vertex colouring of G with two colours B (black) and W (white), such that every
vertex of B and W has colour B and W , respectively. Note that the colouring does not
need to be proper and in what follows we refer to a connected component of the subgraphs
induced by a colour class as a monochromatic component. Following this terminology, we
define a k–bisection of a graph G as a 2–colouring c of the vertex set V (G) such that:
(i) |B| = |W| (i.e. it is a bisection), and
(ii) each monochromatic component has at most k vertices.
There are several papers in literature considering 2–colourings of regular graphs which
satisfy condition (ii), but not necessarily condition (i), see [2, 5, 8, 9]. In particular, it is
easy to see that every cubic graph has a 2–colouring where all monochromatic connected
components are of order at most 2. But, in general, such a colouring does not satisfy
condition (i), so it is not a 2–bisection. Thus, the existence of a 2–bisection in a cubic
graph is not guaranteed. For instance, the Petersen graph does not admit a 2–bisection.
However, the Petersen graph is an exception since it is the only known bridgeless cubic
graph without a 2–bisection. This led Ban and Linial to pose the following conjecture:
Conjecture 1.1 (Ban–Linial [3]) Every bridgeless cubic graph admits a 2–bisection,
except for the Petersen graph.
As far as we know, the best positive result in this direction is given in [7], where it is
proven that every cubic graph (not necessarily bridgeless) admits a 3-bisection.
A main difficulty in approaching this conjecture is the presence of both local and
global conditions, that is: conditions (ii) and (i) in the definition of k-bisection, respec-
tively. Some standard reductions on the girth and the connectivity of a minimal possible
counterexample (which can be easily deduced in similar problems) do not work in this
context. In particular, so far, we cannot exclude the presence of a 3-cycle or a 2-edge-cut
in a minimal counterexample.
Recently, we have given a detailed insight into Ban–Linial’s Conjecture (as well as some
other related conjectures) in [1], where we also presented theoretical and computational
evidence for it. In particular, Ban–Linial’s Conjecture is proven for bridgeless cubic graphs
in the special case of cycle permutation graphs.
In this short note, we provide further evidence for it by proving Ban–Linial’s Conjec-
ture for claw–free cubic graphs (cf. Theorem 2.2).
2 2-bisections of claw-free cubic graphs
The complete bipartite graph K1,3 with colour classes of size 1 and 3, respectively, is
usually called the claw graph. A claw–free graph is a graph that does not have a claw as
an induced subgraph.
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In [6], general claw-free graphs are characterized. In [10], Oum has characterized
simple, claw-free bridgeless cubic graphs (cf. Theorem 2.1). In order to present such a
characterization we need some preliminary definitions.
Let G be a bridgeless claw-free cubic graph. An induced subgraph of G that is iso-
morphic to K4 − e is called a diamond and denoted by D in what follows. A string of
diamonds of G is a maximal sequence D1, ..., Dk of diamonds, in which Di has a vertex
adjacent to a vertex of Di+1, 1 ≤ i ≤ k − 1 (see Figure 1). Moreover, if G is a connected
claw-free simple cubic graph such that each vertex lies in a diamond, then G is called a
ring of diamonds (see Figure 2).
D1 D2 Dk
Figure 1: A string of diamonds
Figure 2: A ring of diamonds
Theorem 2.1 (Oum [10]) A graph G is bridgeless claw-free cubic if and only if either
(i) G ' K4
(ii) G is a ring of diamonds
(iii) G can be built from a bridgeless cubic multigraph H by replacing some edges of H
with strings of diamonds and replacing each vertex of H with a triangle.
The main purpose of this section is proving Conjecture 1.1 for the class of claw-free
cubic graphs (cf. Theorem 2.2).
We recall that a 2–bisection is a bisection (B,W ) such that the connected components
in the two induced subgraphs G[B] and G[W ] have order at most two. In other words,
every induced subgraph is a union of isolated vertices and isolated edges.
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Consider a 2-bisection of a claw-free cubic graph and consider the colouring of vertices
of a diamond of G. Since any three vertices of a diamond induce a connected subgraph,
we have exactly two vertices of the diamond in each colour class. Then, we have only
two possibilities: either the two non-adjacent vertices receive different colours (see the
diamond D1 in Figure 1) or the same colour (see the diamond D2 in Figure 1). We call
the former colouring asymmetric the latter one symmetric.
Theorem 2.2 Let G be a bridgeless claw-free cubic graph. Then, G admits a 2-bisection.
Proof It is straightforward that K4 and every ring of diamonds admit a 2-bisection: we
can trivially generalize the example from Figure 2 by colouring each diamond of the ring
with a suitable chosen asymmetric colouring.
Consider G as in Theorem 2.1(iii): let H be the underlying bridgeless cubic multigraph
and let H
a
be the graph obtained by replacing each vertex of H with a triangle. Then
G is built from H
a
by replacing some edges, not in the new triangles, with strings of
diamonds.
First of all, we prove that if H
a
admits a 2-bisection, then G admits a 2-bisection. We
start from a 2-bisection of H
a
and we colour all vertices of the strings of diamonds of G
such that we obtain a 2-bisection of G. Let uv be an edge of H
a
which is replaced with
a string of diamonds in G. If u and v receive the same colour, say white, in a 2-bisection
of H
a
, then we colour the vertices of G corresponding to u and v with the colour white
(the same colour they have in H
a
), and we colour the vertices of each diamond of the
string with a symmetric 2-colouring such that non-adjacent vertices are black. On the
other hand, if u and v receive different colours in the 2-bisection of H
a
, then, again, we
colour the vertices of G corresponding to u and v with the same colour they have in H
a
,
and we colour the vertices of each diamond of the string with an asymmetric 2-colouring
by paying attention that adjacent vertices of distinct diamonds receive different colours.
Now we prove that H
a
admits a 2-bisection. Let M be a perfect matching of H (since
H is bridgeless, the existence of M is guaranteed by a classical theorem of Petersen, see
[11]). The complement of M in H is a 2–factor of H (it could have circuits of length 2, since
H is a multigraph), say C1, . . . Ct are its circuits. Every edge of M naturally corresponds
to an edge of H
a
: denote by M ′ the set of those edges in H
a
. Every connected component
of the complement of M ′ in H
a
is isomorphic to a circuit Ci having each vertex replaced
by a triangle. Denote by C ′i the circuit corresponding to Ci of length 2|Ci| (cf. Figure 3).
We colour the vertices of the even circuit C ′i alternately black and white. Moreover,
we colour the ends of every edge of M ′ with different colours. It is straightforward that
such a 2-colouring is a bisection. Furthermore, every vertex of a circuit C ′i is adjacent to
at least two vertices of the opposite colour and every vertex not in a circuit C ′i is adjacent
to exactly two vertices of the opposite colour (its neighbour in M ′ and one of its further
neighbours).
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C′i
Figure 3: Pictures of C ′i in H
a
. Edges of M ′ in bold.
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